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1. Introduction 
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Explain this scheme in detail. The classical topological Landau- 
Ginsburg model was found by Vafa [17] (see also Dijkgraaf- Witten [5]). 
It generates an algebra over C on the tangent space to a polynomial 
p{z) = z^^^ + a\Z^~^ + 02-2""^ + ... + a„ in the space Pol{n) of all 
such polynomials. This algebra Ap is associative, with the unity and 
a linear functional Ip : Ap ^ C, such that the bilinear form {di,d2) = 
lp{did2) is non degenerates. We call by Probenius pairs all pairs {Ap, Ip) 
with such algebraic properties. Algebra Ap is commutative for classical 
topological Landau- Ginsburg model. 

Gommutativc Frobcnius pairs one-to-one correspond to topological 
field theories that appear from closed topological strings [3, 4, 7, 16]. 
These topological field theories naturally extend up to open-closed 
topological field theories, describing strings with boundary [10, 12], 
and even up to Kleinian topological field theories, describing strings 
with arbitrary world sheets [1]. In their turn, open-closed topological 
field theories one-to-one correspond to combinations from one com- 
mutative and one unrestricted Probenius pairs, connected by Cardy 
condition [1]. We call such algebraic structure by Gardi-Frobenius al- 
gebra. Some classifications of Gardi-Frobenius algebras is contained in 

[1]- 

In the present paper we construct some extension of classical topo- 
logical Landau-Ginsburg model to a Gardy-Frobenius algebra with a 
quaternion structure. Next we prove, that the set of such quaternion 
Landau-Ginsburg models over all polynomials p{z) = z'^^^ -\- aiz"'~^ + 
a2z"'~'^ + ... + an form a non-commutative Probenius manifold in means 
of [15]. 

Let us explain this result in more detail. The moduli space of the 
classical topological Landau-Ginsburg models coincides with the space 
Pol{n) of miniversale deformation for the singularity of type A„ [2]. 
The metrics (^1,(^2) = lp{d\d2) on the algebras Ap turn Pol{n) into 
a Riemannian manifold with some additional properties [6, 7]. The 
differential-geometric structure, arising here, is an important example 
of Probenius manifolds [7, 11]. The theory of Probenius manifolds 
has a lot of applications in different areas of mathematics (integrable 
systems, singularity theory, topology of symplectic manifolds, geometry 
of moduli spaces of algebraic curves etc.). 

The Dubrovin's theory of Probenius manifolds [7] is a theory of flat 
deformations of commutative Probenius pairs. As we discussed, Probe- 
nius pairs are extended up to Gardy-Probenius algebras. This sug- 
gests on extension of Probenius manifolds to Gardy-Probenius mani- 
folds. An approach to this problem, is contained in [15]. It is based on 
Kontsevich-Manin cohomological field theory [9]. 

In this paper we define Gardy-Probenius bundles as spaces of some 
flat deformations of Gardy-Probenius algebras and prove, that they are 
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Cardy-Frobenius (noncommutative) manifolds as regards to [15]. More- 
over we prove that the family of all the quaternion Landau- Ginsburg 
models form a Cardy-Probenius bundle with quaternion structure. 

2. Cardy-Frobenius algebras. 

Following [10,12] describe the algebraic structure (Cardy-Frobenius 

algebra), connected with open-closed topological field theory. It is 
follow from [1], that Cardy-Frobenius algebras one-to-one correspond 
to open-closed topological field theories. 

2.1.Probenius pairs. 

Definition. By Frobenius pair over a field K we call a set {D, l^) 
where 

1. D is an associative algebra over K with the unity element 1^. 

2. i^KisaK - linear functional such that the bilinear form 

{di,d2)^ = l^{did2) is non degenerated. 
In this case D is a Frobenius algebra [8]. 

Definition. By orthogonal sum of Frobenius pairs (DiJ^^) and 
{D2,l^^) we call the Frobenius pair {D,l^) = {Di,l^^) © 
where D = Di(BD2 is the direct sum of algebras {did2 — for di e Di) 
and = 

Exampele 2.1. IK - numbers. 

K{X) = (K, Ix), where A e K and Ixiz) = Xz for ^ e K. 
Exampele 2.2. Matrixes over K. 

M(n, K)(/i) = (M(n,]K),/^), where M(n, K) is the algebra of n x n 
K-matrixes, ^ eK and (^{z) = iiti{z) for z e M(n, K). 
Exampele 2.3. Quaternions over K. 

Let Mk G IK be a subficld, isomorphic to the field of real numbers. Let 
Hk be the algebra of quaternions, that is the algebra over M, generated 
by vectors 1^, J, J, K, where IJ = K,JK = I, KI = J. Use the 
isomorphism Mk = 1^ for define Hk = IK. We will consider l''^, 

/, J, K also as a basis of Hk over K. Put IHIk(p) = (Hk, Ip) where 
p 7^ e IK and Ip : ^ K be the K-linear functional, defined by 
= 2p, /,(/) = 1%J) = F{K) = 0. 

The correspondance 

defines an isomorphism between M(2,K)(p) and IHIk(p). 

2.2 Cardy-Frobenius algebras. 

Definition. By Cardy-Frobenius algebra over IK we call a set 

where 

1. {A, l^) and [B, l^) are Frobenius pairs over K and ^4 is a commu- 
tative algebra; 
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2. : A ^ B is a homomorphism of algebras, such that 4>{A) belong 
to centre of B; 

3. For any x,y e B is fulfilled {(f)*{x),4>*{y))^ = tr{W:^^y), where 
(f)* : B ^ A is the linear operator, such that {a,(j)*{b))^ = {(f){a),b)^, 
for a E A,b E B, and W^^y . B ^ B is the linear operator, defined by 
W^^y{b) = xby. 

The condition of this type first appear in works of Cardy and usually 
has him name. Let us give a coordinate representation of Cardy condi- 
tion, using bases ...«„) C A and {f3i, ...(3n) C B. Let and 
|^ft,/3j j matrixes inverse to Fa^^aj = {(^i, (^j)^ and i^^^./j^- — {Pi, Pj)^- 
Then condition 3. is equivalent to 

3'. For any x,y e B is fulfilled F'^^^''H^{(f){ai)x)l^{(f){aj)y) = 

F^'^'^n^{x(30pk) = F^^^^n^ipjXpkv)- 

Proof of equivalent. The equality {(p* (x) , (/)* (y))^ = 

F°'*'"H^ {4>{ai)x)l^ {(f){aj)y) is obviously. Consider a basis 

of B such that {(3k, Pj) = Skj. Then F^'"^H^{xl3jyj3k) = 
FP'^M^{x(3ky(3k) = ELi(W^-,y(/3fc),/3fc)^ = tr{W,,y). 

Exampele 2.4. K - numbers and matrixes. 

{]K(/i2),M(n,K)(;u),0M}, where 0m : K ^ M(n, K) is the naturel 
homomorphism of numbers to diagonal matrixes. 

Check the axiom 3. Choice the elementary matrixes Eij as a base of 
M.{n, K). Left and right parts of axiom 3' are equal to 0, if one of the 
matrixes x or y are not diagonal. Left and right and parts of axiom 3' 
are equal to 1 for x = En, y = Ejj. 

Definition. By orthogonal sum of Cardy-Frobenius algebras 
{(^1, l^'), l^^), 0i} and {(^2, l^'), {B2, l'''),h} we call the Cardy- 
Frobenius algebra {{A,l'^), {B,l^),(P} = {(Ai, Z^i), (Si, Z^i), 0i} © 
{(A2,/-^^),(fi2,/^^), 02}, where {A,l^) = (^1, /^i)©(A, ^^'), {^,1"") = 
{Bi, /^i) ® {B2, l^'') and = 0i © 02. 

A Cardy-Frobenius algebra is called semisimple, if A and B are 
scmisimple algebras. It is follow from [1], that any semisimple Cardy- 
Frobenius algebra is isomorphic to orthogonal sum of some numbers 
of algebras of M(n, 0m} and some numbers of algebras 

{K(A,),0,0}. 

Exampele 2.5. K - numbers and quaternions. 

{K(p^), Hk(p), 0h}, where homomorphism 0h : K — > H is defined by 
0h(1) = 1^. 

The isomorphism between M(2,K)(p) and ]H[k(p) generate the iso- 
morphism between {K(p2), M(2, 0m} and {]K(p2), Hk(p), 0h}- 

3. Quaternion Landau-Ginsburg models. 

The classical topological Landau-Ginsburg model [17] of degree n 
is generated by a complex polynomial p in the form p{z) = 2;""*"^ + 
aiz'""^ + a2z"^^ + ... + ttn, such that all roots ai, of its derivative 
p'{z) are simple. 
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The set of all such polynomials form a complex manifold Pol{n) of 
complex dimension n. Its tangent space Ap in a point p consists of all 
polynomials of degree n — 1. The Landau- Ginsburg model generates 
on Ap a structure of algebra, where the multiplication q = qi*p q2 for 
polynomials qi = qi{z) and q2 — q2{z) G Ap is defined by condition 
q{z) = qi{z)q2{z){modp'{z)). 

Moreover, the Landau- Ginsburg model generates on Ap a non- 
degenerated bilinear form {qi,q2)p — Ipiqiqo) — lp{qi *p 52), where 
^p(^) ~ '^i§ '^p^{z) ■ (Here and late the formula means "minus 

residue in 00"). Thus Ap has a structure of Frobenius algebra. 

The polynomials Cp^aiiz) = Y[j=/=i a~-a- ^rm a basis of idempotents 
of Ap, that is Cp^ai^p^aj = SijCp^ai- Thus Ap is a semi-simple algebra. 
Put fip^a, = lp{ep,aj = ^ Ylj^i ^p^- Let Ap^^i be the complex vector 
space generated by ep,a, and l^,^^ = /pUp,„.. Then is a 

Frobenius pair, isomorphic to C(/Xp,ai)- 

Consider the Frobenius pair {Bp^a.Jp^ai) ' ^^^^^re Bpc^ — Ap^^i ®c 
He = He and is defined hj l^Jl^) = 2p,,„„ 'p^. = ' I^P,av 
^p,aM) — ^p,ai{J) — ^p,aX^) = 0- Let US define the homomor- 
phism 0p,«^ : Ap^^^ Bp^^, by (pp,ai{ep,ai) = ^p^at ®c He. Then 
{{^P,aiJp,ai)^ iBp,aiJp,ai)^(l>P,aA IS a Cardy-Frobeuius algebra, isomor- 
phic to {C{pl^.),Mc{pp,ai), M- 

Put Bp = 0"^^ Bp^ai = Ap ®c He. Let 0p : >lp -> Ap ®e He = 
Bp be the natural homomorphism. By quaternion Landau- Ginsburg 
model we caU the Cardy-Frobenius algebra {{Ap,lp),{Bp,lp),(j)p} = 

©i=l{(^p,ai) ^p,ai)i {^P,oii-i ^p,ai)i 4'p,ai} ■ 



4. Frobenius manifolds. 

4.1. Frobenius manifolds and WDVV equations. 

In middle of 90 years of the last century B.Dubrovin found and in- 
vestigated a class of "flat" deformation of commutative Frobenius al- 
gebras that appear in different domain of mathematics. He calls this 
structure Frobenius manifolds [7]. Frobenius manifold is a manifold 
with a Dubrovin connection. Present some equivalent definitions of 
the Dubrovin connection. 

Definition. ([7]) Let M be a smooth (real or complex) manifold. 
By Dubrovin connection on M is called is a family of commutative 
Frobenius pairs (Mp, 6p) on the tangent spaces Mp = TpM for any 
point p E M such that 

1. Tensors 9 = {9p\p e M}, g{a,b) = e{ab), c{a,b,d) = e{abd) are 
smooth and d9 = 0. 

2. The Levi-Civita connection V of the matric g is flat and such that 
Ve = 0, where e is the field of unity elements of the algebras Mp. 
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3. Tensors c{a,b,d) and Vfc{a,b,d) are symmetrical by variables 
a,b,dj. 

4. There exists a vector field E (it is called Euler field), such that 
V(V^) = 0. 

A Frobenius manifold M is called semi-simple, if Mp is a semi-simple 
algebra for any point p & M. 

If ^^(e) = 0, then Probenius manifold has a special flat quasi- 
homogeneous coordinate system t — {t^, ...jf^), such that g — 

(5i+j,„+idf (g)dt^', e = d/dt^] rf„ = 1, d^Vi = 0. d, + = v + 2 

for all i; E = Yl^=ii'^i^^ + ri){d/df) for some constants (i*,rj. We call 
such Dubrovin connection anti-diagonale. 

Recall, that any semi-simple commutative Probenius algebra is a 
direct sum of one-dimensional one [8]. Thus it has a canonical basis 
Ci, e„. This is a basis with the properties CiCj = SijCi, /(cj) ^ 0. The 
canonical basis is defined uniquely up to enumeration of its elements. 

Definition. ([13]) A semi-simple anti-diagonale Dubrovin connection 
on a smooth (real or complex) manifold M is a family of commutative 
Frobenius pairs {Mp, 9p) on the tangent spaces Mp — TpM for any point 
p E M such that 

1. Tensors 9 = {9p\p G M}, g{a,b) = 9{ab), c{a,b,d) = 9{abd) are 
smooth and = 

2. There exists a covering M = [j^ Ua by coordinate maps 
(x^, x^) : Ua K", such that: a) the vectors {d/dxl^, d/dx^) 
form a canonical basis in Mp for any p G Ua', b) the field E — 
Yl"=i Xa{d / dx]^) don't depend from a; c)Le9 = {v + 1)9, where Le 
is the Li derivative by E. Such coordinate system is call canonical. 

3. The Levi-Civita connection V of the matric g is flat. It 
exists a coordinate system t = (t^,...,t") on M, such that g = 

6i+j,n+idf<S>^t', e = d/dt' and E = Y.l=i{dit' + n){d / df), where 
di,ri are constants. 

By potential of Dubrovin connection (Mp, 9p) on flat quasi- 
homogeneous coordinates t — {t^, t^), is called a function F{t^, t"') 

cnnVi ft ( d d d \ dF 

bULIi LlidL Up\^Q^i dti at'') ~ dtidVdtl'- 

Definition. Let F{t^, ...,t"') be a function on a set U C C" = 
{t^, ...,r). Let E = Er=i(^i^' + ri){d/dt') be a vector field ,such that 
dn — 1, diri = di + dn+i-i = t; -|- 2 for all i. Then the pair (F, E) is 
a solution of WDVV equations if: 

1 sr^n a»F d'^F _ sr^n d'^F i)'' F 

(associativity equations); 
(normalization condition); 

5. LeF = {v + 3)F + AjtV + Ei ^it' + C, where Le is the Li 
derivative and A^j, B^, C are constants. 

(quasi- homogeneous conditions). 
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This equations was found in works of Witten [18] and Dijkgraaf, 
E.Verlinde, H.Verlinde [6] for a description of spaces of deformations 
of topological fields theories. 

According to [7], any solution of WDVV equations is a potential 
of some anti-diagonale Dubrovin connection and moreover the cor- 
respondance (potential) i—> (anti-diagonale Dubrovin connection) form 
one-to-one correspondance between solutions of WDW equations and 
anti-diagonale Dubrovin connections. 

If a solution F of WDVV equations has a representation in the 
form of Tailor scries F{t) = Y^c{ii,i2, ...,ik)t^^t^'^ ■■■f'' , then associativ- 
ity equations are equivalent to some relations between the coefficients 
c(ii, ^2, ife)- M.Kontsevich, Yu.Manin [9, 11] presented a family of 
coefficients with these relations by a special system of homomorphisms 
C®' H*{Mo,i), where Mq,/ is the moduli space of spheres with / 
pictures. This gives some other method of description for Frobenius 
manifolds. It is called Cohomological Field Theory. 

4.2. Moduli spaces of classical topological Landau-Ginsburg 
models. 

The first and very important example of a complex Frobenius man- 
ifold is the the moduli space Pol{n) of classical topological Landau- 
Ginsburg models. This space appear also in the theory of singularity, 
the theory of Coxeter groups, the theory of moduli spaces of Riemann 
surfaces, in matrix models of mathematical physics and in integrable 
systems. Let us describe this example more detailed, following on the 
whole [7]. 

Theorem 4.1. [6, 7] The structure of Frobenius pairs (Ap, Ip) for p e 
Pol{n) generates a complex Dubrovin connection on the space Pol{n) 
of polynomials p{z) — 2;"+^ -|- a^z^'^ -\- 02-2;""^ -|- ... -|- a„ . 

Proof. Axiom 1 directly follow from the definitions. Let (ai, «„) 
be the set of roots of p' . Consider the functions x*(p) = pioci) as 
coordinates on Pol{n). 

Lemma 4.1. The coordinates (x^, x") are canonical, v — — 1 
and E = ^,a^d/da,. 

Proof. Prove, that ^ = ep,a^.. Really, 5ij = ^ = 

a((a.)"+^+aUaO"-^+...+a„) ^ ^ ^ _ l)«^(Q,.)n-2 + + 

«n-l)il + 'M<^^r-' + - + = + ^(«.) = Thus 

■^{ai) = Sij = ep^„^,(aj) and therefore ^{z) = ep^a,{z). By definition, 
this means that the polynomial Cp^aj correspond to the tangent vector 
Thus {d/dxl^, ...^d/dx^) form a canonical basis. 
Prove now, that Ip = Really, considering the coefficients for 

z^-^ in + ... + = ^{z) = ep,«,(z) we find that lp{d/dx^^) = 

hKad = ^i^- Thus Ip = ELi lvid/dx^M< = ELi = 

dai 
n+1 ■ 
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Prove, that E = "^i^i xl^{d / dx^J don't depend from a and LeIp = 
{v + l)lp. Prove at first, that LeP = p — -^^p' ■ Really, the poly- 
nomials LeP and p — have the same degree n — \ and they 
are the same values in the points ai, because Le{p){ol]^ — 
(Er=i<(^/^4)(p))("fc) = = pM = p{ak) - ^p'(afc). Con- 
sider now the vector field F = Ylt=i ^^'^kd/dttk- Then Lf{p){z) = 
ELi S"'^^""' = ^U^-^^)ak~z--' = p{z)-^,p'{z) = Le{p){z). 
Thus LEik) = Lf{^) - ^,^idai = ^,lp. 

□ 

Construct now a flat coordinate systems on Pol{n). Consider a 
function uj = u!{p,z) on Pol{n) x C such that o;""*"^ = p{z). Put 
^ = ^ + § + S + 5 + -- The equality = p{u +'-^ + + + ...) 
gives a possibility to find f as a quasihomogenous polynomial of {oj}. 
In particularity = P = Put = -{n + l)f\ T = -i^ 

and r = -VriTTr+^-^ for i = 2, n-1. 

Lemma 4.2. The coordinates {t^, i") are flat quasi-homogeneous 
and di = ^^±^. 

Proof. Consider the set of polynomials p{z,t) = z^^^ + axit^z^'^ + 
a2(t)-2""^ + ••• + an(^), where t = (?,..., t"). Consider the func- 
tion z{uj,i) = '^ + ^ + ^ + -^ + such that a;"+^ = p{z{uj,i),i). 
We will consider a; and {?,... as independent variables. Then 

A _ da)"+i _ dp.dpdz _ dp , i 1_ TliiiQ — — n' J- 

" ~ dt' ~ W ^ dzW ~ W ^ ^ oj-^- ~ ■ 

Therefore g{d/di\d/dP) = lp{d/dfd/dP) = -Res,=^^i^dz = 



Thus, gi^/^t\^/^t^)^Si+J,r^+l. 

Let e = Er=i Pi'^ he the field of unity elements of the algebras Ap. 
Recall, that = — Using this fact and lemma 4.1, we find that 

' n+l ' 

<5^,i = di\d/di^) = -^dai(9/af^) = -lp{d/dP) = -g{e,d/dP) = 

-aiY^ti Piw^ w) = ~ Er=i Pi9{-^i. ^) = -(n+l) ELi = 

-(n + l)p„+i-/3. Therefore, e = = Jr 

It is follow from lemma 4.1. that Lgaj = ^i^'^j- Thus, by the 
definition of t\ we flnd that L^f = Therefore L^f = ^^^t\ 

and£; = Er=i^^W^^)- 
□ 

Example 4.1. Find the numbers iXp^ai as some functions of fiat quasi- 
homogeneous coordinates for n = 2. If p{z) = z^ + aiz + a2, then 
^2 = -f^ = f . Moreover p'(^) = 3^^ + ai and = ±\/^ = ±V^. 

Thus, = ±^7^5- 

Example 4.2. The potential of the Frobenius manifold Pol{n) is 
a polynomial F„ [7]. Its coefficients was found in [14]. In particulary 
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5. NON-COMMUTATIVE FROBENIUS MANIFOLDS. 

5.1. Extended WDVV equations. 

A theory of deformations of closed strings is one of sours for tlie 
tlieory of Frobenius manifolds. Its mathematical equivalent is fiat de- 
formations of commutative Frobenius pairs. But the theory of closed 
strings is only part of more general opcn-closcd topological field the- 
ory. It is follow from [1,10,12], that a mathcmatica equivalent of a 
open-closed topological field theory is a Cardy-Frobenius algebra. A 
theory of flat deformation for Cardy-Frobenius algebras was suggested 
in [15]. It continue the Kontscvich and Manin approach [9,11] and it 
gives some extension of WDVV equations to differential equations on 
series of non-commutative variables. 

Describe more detail these equations. Let t — {t^,...,t"-) (respec- 
tively s — be the standard coordinates on ^4 = C" (re- 
spectively on B ^ C"*). Consider the algebras of formal tensor 
series F = ^c{ii,i2, ...,ik\ji, 32, ji)t'^ ® f^-.f^ ® s^^ (g) s^'^...s^^', 
c{ii,i2, ■■■,ik\ji, j2, G C. Let Fa be the part of the series F that 
consists of all monomial without . 

Partial derivatives of F are defined by partial derivatives of mono- 
mials. 

We consider that '^'■^ ^'^'^ ^'\---'>>t v^.v'iv\..v'^v\:...'>i6-'fc) ^-^^ sum of monomi- 
als f 1 f 2 (g) ... (g) fP-i (g) fp+i... (g) gJi (g) (g ... (g 5^'=), such that 

' Reciprocally ®^^^^-^^-'') is the sum of monomials 

fi (g)&(g)...(g)f>' (g)s^^ (g)s^''(g)...(g)s^p'^ (g)s^p+\..<^s^\ such that jp = j. 

p f _ _d__d_ _ _d__d_ _ _d d_ _ 

O dd 
dP dP dt''- 

The definition of the partial derivatives ^ ^'^ '^igjfggr'^'"'^^^^'' is niore 
complicated. These partial derivatives are the sum of monomials t*^ ® 

• • • (g f * (g 5^=2 (g . . . gkp-1 ^ gkp+i (g . . . (g s^q-i (g gkq+1 (g gki g^(.]^ ^Yiai 

the sequences s\s''^, - ■ ■ , s''p-^,s^, s'^f+i, ■ ■ ■ , s''"-'^ , s'' , s^'^+i, • • • ,s''^ and 
(s^\ ■ ■ ■ , s-'^) are the same after an cyclic transposition. 

_ We^consider that a monomials ■ ■(g)f=(g)s-'^(8)- ■ -(^s^' and f ^(g>- - J?) 
ffcgjgiig). . .^gJe are equivalent, if U^^^^i,. = U^^iV and Lil^iJr = l^l.=ijr- 
Let [f 1 (8) • • • (g) s^^] be the equivalent class of f ^ (8) • • • s^^. The tensor 
series F = ^ c{ii, ik\ji, ■■■,jf)0'ii ® ■ ■ ■ ® generate the tensor series 
[F] = '^c[ii, ...,ik\ji, j^][ai^ (8>- ■ ■<^bji], where the sum is the sum by 
all equivalent classes of monomials and c[ii, ...,ik\ji, jt] is the sum 
of all coefficients c(ii, corresponding monomials from equivalent 

class [ojj (8) • • • (8) & j J . 

We say that a tensor series F = ^ c{ii ■ ■ • • • • jejf^^ (8> ■ ■ ■ 8) t*^ ® 
(g ■ ■ ■ (g s^'^ satisfy extended WDVV equations on a space H — A(B B, 
if the following conditions hold 
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1. The coefficients c{ii ■ ■ ■ ik\ji ■ ■ ■ jt) are invariant under all permu- 
tation of {ir}- 

2. The coefficients c(i,j|) c(|i,j) generate nondegenerate matrices. 

By 

tively. 
3. 



tH^ ps's^ denote the inverse matrices of c{i,j\) and c{\i,j) respec- 



IE 

p,q=l 
4. 



dt'dPdtP 



[T 

ds^dsWsP 

p,q=l 



dtidt^dt^' 



d^F 



ds'^ds^ds^ 



IE 

p,q=l 



d^FA 



dt^dPdtP 



d^F 



ds^ds^dsP 



p,<i= 



d'FA 



dtidPdt^' 



d'^F 
dt^dsP 



6. 



E 

7. 



d'^F 
ds^dtP^ 



d^F 



dsids^ds^ ■ 



d^F 



E 



d^F 
dt^dsP 



d^F 



dsidsWs' 



dtidt'dP- 



E 



d^F 
dPdsP ^ 



d^F 



Qsids'^ds^ 



d^F 
ds'^dtP 



d^F 



E 



ds^dsPds'' ^ 



®F^ 



d^F 



In [15] are demonstrated that solutions of extended WDVV equations 
one-to-one correspond to potentials of some extension of Cohomological 
Field Theory and moreover they describe some class of deformations of 
Cardy-Frobenius algebras. Thus it is natural to consider solutions of 
extended WDVV equations as (non commutative) extension of Frobe- 
nius manifolds, that we call Cardy-Frobenius manifolds. Late we prove 
that quaternion Landau-Ginsburg models generate a Cardy-Frobenius 
manifold. 



5.2. Cardy-Frobenius bundles. 

Definition. Let M be a , were K is the real or the complex field. By 
Cardy-Frobenius bundle on smooth (real or complex) manifold M we 
call a pair of bundles (p^ '■ A ^ M and (ps '■ B ^ M with a fiat connec- 
tion Vs, and a set of Cardy-Frobenius algebras {{Ap, ), {Bp, 1^), 
where Ap — (p^^(p), Bp — (p'^^ip), such that: 

1. The algebras {{Ap. lp)} form a Dubrovin connection. 

2. The connection conserve the family of bilinear forms 
{(6i,62)p = /^(6i62)beM}. 

Call by a flat system of coordinates on B a family of linear coor- 
dinates systems s — {sp — (s^, s^)|p e M} on bands Bp, that is 
invariant by Vg. It generates a basis on any vector space 
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Bp. Axiom 2. say that values = ^pi'S^^) constants on 

M. 

3. Let s = {s^, s™") be a flat system of coordinates on B. Then the 
tensor fields c^{-^,£j,^) = Ipi^i^-^k), are smooth as functions 
on M. We call B -structures tensors. 

4. The natural map (f) = {|J (f)p\p G M} : A B is smooth. It define 
smooth transition tensors field c^^{a,b) = lp{4>{a)b). 

Theorem 5.1. Let M be a semi-simple Probenius manifold with 
a Dubrovin connection {{Apjp)\p e M}. Then there exist Cardy- 
Frobenius bundles {{Ap, l^), {Bp, 1^), (/>}. 

Proof. Let (.'r;'^, be canonical coordinates on M. Put Xp^i = 
lp{d/dxl^{p)). Let fXp^i be a smooth function on M, such that fip ^ = Ap^j. 
Consider the family of Probenius pair {Bp^i,lp-) = M(m, C)(/ip^j) from 
example 2.2. Put {Bp, l^) = 0,(5^,^, /^J and B = 0^^^ Bp. Describe 
a connection Vb- The standard basis {E''^} of M(m, C) generate the 
basis the {E^^^} of Bp i. We will be consider, that the connection Vs 
ereneratc the transfer E^;^- to t^E^^: for q from a neighborhood of p. 
Define a structure of smooth manifold on i? considering that the projec- 
tion (fisiBp) = p is smooth. Define the homomorphism (pp : Ap ^ Bp, 
considering that 4>p{d/dx'l,) is the unit element of the algebra Bp^i. Ac- 
cording to example 2.4. the structure, that we constructed, is Cardy- 
Prob cuius bundles. 

□ 

Definition. Let : A M, ^ps : B M, Vb, 

{{Ap, Ip), {Bp, Ip), e M} be a Cardy-Probenius bundle on M. Let 
t = (t^, be a system of fiat quasi- homogenies coordinates of the 

Dubrovin connection {Ap,lp) and let s = (s^,...,s™) be a system of 
fiat coordinates on B. By potential of this Cardy-Probenius bundle is 
called the formal tensor series F{t\s) = ^ c{ii, 12, ik\ji-,h-, ■■■,ji)t^^ ® 
f2...f = (g) s-^i (g) s-^2___gifc^ where c{ii,i2, .■.,ik\ji, j2, ji) ^ C, such that 

1. The matrixes c{i,j\) = lp {^^) c{\i,j) = (^^) arc non- 
degenerated. Let F^'*^ and Ff'^^ be the matrixes inverted to c{i,j\) 
and c{\i,j) respectively. 

2. If Fa is the part of F that don't depend from s, that it pass to 
the potential of Dubrovin connection {Mp, 1^) after changing the tensor 
multiplication to the ordinary multiplication. 

3. The formal tensor scries g^,:g!,.fg,^.r ai'c not depend from s and, 
after changing the tensor multiplication to the ordinary multiplication, 
coincide with the S-structure tensors of the bundle. 

4. The formal tensor series arc not depend from s and , af- 
ter changing the tensor multiplication to the ordinary multiplication, 
coincide with the transition function of the bundle. 

Theorem 5.2. Let a Dubrovin connection {Ap, Ip) on M has a 
potential in form of Taylor series. Then any Cardy-FYobenius bundle 
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ipA - M,^B-B ^ M, Vb, {(^p, l^), {Bp, l^),(pp\p e M} also has 
a potential. 

Proof. Let i = T) be a flat quasi-homogeneous coordinates 

of the Dubrovin connection {{Ap,lp)\p G M}. Let s = {s^,...,s"^) 
be be a flat coordinates system on B. Consider the potential of the 
Dubrovin connection {{Ap,lp)\p e M}. Changing the ordinary multi- 
phcation to the tensor multiphcation we obtain a tensor series Fa- Let 

Fa be the tensor series, such that = Fa- Then the tensor series 
F^Fa + lEl''iww)t' ® P+ ^l^ii^ij)s' ® + Y.F\f ® 

® ® is the potential of the Cardy-Probenius 

bundle. 

□ 

Theorem 5.3. The potential of any Cardy-Probenius bundle satisfy 
the extended WDVV equations. 

Proof. All relation follow from properties of Cardy-Probenius alge- 
bras {(ylp/p ), (i?p, /p ), In particulary relation 1 follow from the 
commutativity of A. Relation 2 follow from the non-degeneracy the 
bilinear forms on A and B. Relations 3 and 4 follow from the associa- 
tivity of algebras A and B. Relation 5. is true because belong 
to center of algebra Bp. Relation 6 is true because the map 0^ is a 
homomorphism. Relation 7 follow from Cardy axiom. 

□ 



5.3. Moduli space of quaternion Landau-Ginsburg models. 

Let us use the construction from theorem 5.1. for quaternion 
Landau-Ginsburg models. Then we have 

Corollary 5.1. Pamily of quaternion Landau-Ginsburg models 
{{Ap,lp ),{Bp,lp , ),(j)p\p G Pol{n)} form a Cardy-Probenius bundles 
over Pol{n). The space B has a natural quaternion structure that is 
invariant by the connection V^. 

A flat system of coordinates t — for A is , described in 

section 4. A basis on Bp is {l^ep^an I<^p,a^, Jep,ai, Kcp^aM = 
from section 3. In a neighborhood of p it generate a fiat coordinate 
system Sq^i = (sj' = J^i^^^P,»v ^(^p,o^v J(^P,ai), where 

Pp,ai ~ A*P,ar 

Example 5.1. Por any V,W e {1^,/, J,i^}, = 6h,Aj 

h,i q,i 

Pp,o'i d 
„ a „VW 

Thus we can to find the bilinear form {-^, g^)^ = ^^i'S^'^) 
and the structure tensor c^{^-,-£n-,S^) =l^{S^^iS^)-,^Y values 
Pq^ai- Example 4.1. contain an algorithm for these calculations for 
n = 2. In this case p^^. = ±^^. 
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Example 5.2. Coupling between canonical x = {x^, and flat 

quasi- homogeneous coordinates t = (t^,...,t"') generate the transition 
tensors. Demonstrate this for n = 2. 

According to our deflmfous, ^ = ^+ ^ ^ = R,^+ R,^. 
Thus = Rl^ + Rl-£^. On the other hand, according to example 

4-2., = t'ir^= t\£+ i,). Thus = ±V^. 

It is follow from example 4.2., that Fa = + Therefore 

n = m't' + iit\tr and fi = iitnt^ + ^^{t^. 

Thus, we can to find the potential of the Cardy-Frobenius bundle for 
n = 2. According to theorem 5.2 it is the tensor series 
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